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In 1992, S. Berman and R. Moody [4] introduced the notion of a Lie algebra graded by an irreducible reduced finite root system. This definition was generalized by E. Neher [6] in 1996 to Lie algebras graded by a reduced locally finite root system and also by B. Allison, G. Benkart and Y. Gao [2] in 2002 to Lie algebras graded by an irreducible finite root system of type BC. Finally this definition was generalized to Lie algebras graded by a locally finite root system (not necessarily reduced) in [6] and [8] . A complete description of Lie algebras graded by an irreducible finite root system is given in [4] , [3] , [2] and [5] . In [6] , E. Neher realizes Lie algebras graded by a reduced locally finite root system other than root systems of types F 4 , G 2 and E 8 as central extensions of Tits-Kantor-Koecher algebras of certain Jordan pairs. In [8] , the author studies Lie algebras graded by an infinite irreducible locally finite root system (not necessarily reduced) and gives a complete description of these Lie algebras.
Central extensions play a very important role in the theory of Lie algebras. Central extensions of Lie algebras graded by an irreducible finite root system is given in [1] , [2] and [5] . The universal central extension of Lie algebras graded by a reduced locally finite root system is studied by A. Walte in her Ph.D. thesis [7] in 2010. In 2011, E. Neher and J. Sun prove that the universal central extension of a direct limit of a class {L i | i ∈ I} of perfect Lie superalgebras coincides with the direct limit of universal central extension of L i 's. As a by-product, they determine the universal central extension of Lie algebras graded by an irreducible reduced locally finite root system. Here in this work we study the central extension of a Lie algebra graded by an irreducible locally finite root system (not necessarily reduced). According to [8] , if X is the type of an irreducible locally finite root system, for a specific quadruple q called a coordinate quadruple of type X, one can associate an algebra b(q) and a Lie algebra {b(q), b(q)}. The structure of Lie algebras graded by an irreducible locally finite root system R of type X just depends on coordinate quadruples q of type X and certain subspaces K of {b(q), b(q)} said to satisfies the uniform property on b(q). In fact corresponding to a coordinate quadruple q of type X and a subspace K of {b(q), b(q)} satisfying the uniform property on b(q), the author associates a Lie algebra L(q, K) and shows that it is a Lie algebra graded by the irreducible locally finite root system R of type X. Conversely she proves that any R−graded Lie algebras is isomorphic to such a Lie algebra. In this work we study the central extensions of root graded Lie algebras. We prove that a perfect central extension of a Lie algebra graded by an irreducible locally finite root system R is a Lie algebra graded by the same root system R with the same coordinate quadruple. Moreover, we prove that the universal central extension of a Lie algebra L = L(q, K) graded by an irreducible locally finite root system R is L(q, {0}).
Preliminary
By a star algebra (A, ⋆), we mean an algebra A together with a selfinverting antiautomorphism ⋆ which is referred to as an involution.
We call a quadruple (a, * , C, f ), a coordinate quadruple if one of the followings holds:
• (Type A) a is a unital associative algebra, * = id a , C = {0} and f : C × C −→ a is the zero map.
• (Type B) a = A ⊕ B where A is a unital commutative associative algebra and B is a unital associative A-module equipped with a symmetric bilinear form and a is the corresponding Clifford Jordan algebra, * is a linear transformation fixing the elements of A and skew fixing the elements of B, C = {0} and f : C × C −→ a is the zero map.
• (Type C) a is a unital associative algebra, * is an involution on a, C = {0} and f : C × C −→ a is the zero map.
• (Type D) a is a unital commutative associative algebra * = id a , C = {0} and f : C × C −→ a is the zero map.
• (Type BC) a is a unital associative algebra, * is an involution on a, C is a unital associative a-module and f : C × C −→ a is a skewhermitian form.
Suppose that q := (a, * , C, f ) is a coordinate quadruple. Denote by A and B, the fixed and the skew fixed points of a under * , respectively. Set b := b(a, * , C, f ) := a ⊕ C and define
for α 1 , α 2 ∈ a and c 1 , c 2 ∈ C. Also for β, β ′ ∈ b, set
and for c, c ′ ∈ C, define (1.3)
; c, c ′ ∈ C,
; c, c ′ ∈ C.
Now suppose that ℓ is a positive integer and for α, α ′ ∈ a and c, c ′ ∈ C, consider the following endomorphisms
q is of type BC, β ∈ a,
One can see that for β, β ′ ∈ b, d β,β ′ ∈ Der(b). Next take K to be a subspace of b ⊗ b spanned by
.23] and [1] ). We denote this Lie algebra by {b, b} (or {b, b} if there is no confusion) and for β 1 , β 2 ∈ b, we denote (β 1 ⊗ β 2 ) + K by {β 1 , β 2 } (or {β 1 , β 2 } if there is no confusion). We recall the full skew-dihedral homology group
of b (with respect to ℓ) from [2] and [1] and note that it is a subset of the center of {b, b}. For
We say a subset K of the full skew-dihedral homology group of b satisfies the "uniform property on b" if for
Remark 1.7. We point it out that if q is a coordinate quadruple and HF(b(q)) has a subspace satisfying the uniform property on b(q), then {0} also satisfies the uniform property on b.
Suppose that I is a nonempty index set and set J := I ⊎Ī. Suppose that V is a vector space with a fixed basis {v j | j ∈ J}. One knows that gl(V) := End(V) together with
is a Lie algebra. Now for j, k ∈ J, define
and set
Also for a fixed subset I 0 of I, take {I λ | λ ∈ Λ} to be the class of all finite subsets of I containing I 0 , in which Λ is an index set containing 0, and for each λ ∈ Λ, set (1.10)
Then G is a locally finite split simple Lie subalgebra of gl(J) with splitting Cartan subalgebra H := span F {h i := e i,i − eī ,ī | i ∈ I}. Moreover, for i, j ∈ I with i = j, we have
Also for λ ∈ Λ, G λ is a finite dimensional split simple Lie subalgebra of type C, with splitting Cartan subalgebra H λ := H ∩ G λ , and G is the direct union of {G λ | λ ∈ Λ}. Define
Then π 1 is an irreducible representation of G in V equipped with a weight space decomposition with respect to H whose set of weights is {±ǫ i | i ∈ I} with V ǫ i = Fv i and V −ǫ i = Fvī for i ∈ I. Also for
we have that
is an irreducible representation of G in S equipped with a weight space decomposition with respect to H whose set of weights is {0, ±(ǫ i ± ǫ j ) | i, j ∈ I, i = j} with S 0 = span F {e r,r + er ,r −
Then V λ and S λ are irreducible finite dimensional G λ −modules with the set of weights (R λ ) sh and {0} ∪ (R λ ) lg respectively. 
and for e, f ∈ G ∪ S, define 
is an R-graded Lie algebra with grading pair (G, H) where H is the splitting Cartan subalgebra of G.
(ii) If L is an R-graded Lie algebra with grading pair (g, h), then there is a coordinate quadruple (a, * , C, f ) of type BC and a subspace
. For x ∈L, take x ′ ∈ L ′ and x ′′ ∈ ker(π) to be the image of x under the projection maps of L on L ′ and ker(π) respectively, then for x, y ∈L, D) is a locally finite G−module and so it is completely reducible as G is a finite dimensional simple Lie algebra. Next we note that
In particular D is a trivial G−submodule ofL and so τ (G, D) = {0}.
Lemma 1.16. Suppose that R is an irreducible locally finite root system and
is an R−graded Lie algebra with grading pair (G, H). Moreover, if R is a finite root system, then the coordinate quadruple of L coincides with the coordinate quadruple ofL.
Proof. We knowL = L ⊕ ker(π) and that the corresponding 2−cocycle τ satisfies τ (L, G) = {0}. Since τ (L, G) = {0}, we get that G is a subalgebra ofL and that (1.17) defines a weight space decomposition forL with respect to H. So to complete the proof, it is enough to
Now as α∈RL α is direct, we get that
. This shows thatL is an R−graded Lie algebra with grading pair (G, H). Next suppose R is a finite root system. The Lie algebra epimorphism π :L −→ L induces a Lie algebra epimorphism Suppose that q = (a, * , C, f ) is a coordinate quadruple of type BC and R is an irreducible locally finite root system of type BC I for an infinite index set I. Take b := b(q) to be the algebra corresponding to q and suppose K is a subspace of HF(b) satisfying the universal property on b. Fix a finite subset I 0 of I of cardinality greater than 3 and suppose {I λ | λ ∈ Λ}, where Λ is an index set containing zero, is the class of all finite subsets of I containing I 0 . For λ ∈ Λ, suppose R λ is the finite subsystem of R of type BC I λ . Next suppose G = α∈R sdiv G α is a locally finite split simple Lie algebra of type C I with splitting Cartan subalgebra H and for λ ∈ Λ, take G λ :=
. One knows that G λ is a finite dimensional split simple Lie subalgebra of G of type (R λ ) sdiv and H λ := G λ ∩ H is a splitting Cartan subalgebra of G λ . We also recall that G is the direct union of {G λ | λ ∈ Λ}. Consider the R−graded Lie algebra
as in Theorem 1.13 in which b, b := {b, b}/K, S is an irreducible G−module equipped with a weight space decomposition with respect to H whose set of weights is R lg ∪ {0} and V is an irreducible G−module equipped with a weight space decomposition with respect to H whose set of weights is R sh . We also recall that S as a vector space is the direct union of the class {S λ | λ ∈ Λ} where for λ ∈ Λ, S λ is the irreducible finite dimensional G λ −module whose set of weights, with respect to H λ , is (R λ ) lg ∪ {0} and (S λ ) α = S α for α ∈ (R λ ) lg , also V as a vector space is the direct union of the class {V λ | λ ∈ Λ} where for λ ∈ Λ, V λ is the irreducible finite dimensional G λ −module whose set of weights, with respect to H λ , is (R λ ) sh and (V λ ) α = V α for α ∈ (R λ ) sh (see (1.12)). We next recall from [8] that
and that L λ is a Lie algebra graded by
As before, we may assumeL = L ⊕ ker(π), π is the projection map on L and there is a 2-cocycle τ :
We note that
is a central extension of L λ . Now consider the map
which defines a G−module action onL. One can see that π is a G−module homomorphism. Now for each λ ∈ Λ, take
One can see that E λ is a G λ −module via the action " · " restricted to G λ × E λ . Now as each finite subset {x 1 + r 1 , . . . ,
. . , r n }) which is a finite dimensional G λ −submodule of the G λ −module E λ , we get that E λ is a locally finite G λ −module. Therefore it is completely reducible as G λ is a finite dimensional split simple Lie algebra. Now as
Next we note that E 0 ⊆ E λ and for λ ∈ Λ, define (1.22)Ġ λ := the G λ −submodule of E λ generated byĠ 0 .
, then E is both a Lie subalgebra and a G−submodule ofL. Also the restriction of π to E is both a Lie algebra homomorphism and a G−module homomorphism.
(ii)Ġ 0 is a Lie subalgebra ofL and the restriction of π toĠ 0 is both a Lie algebra isomorphism and a G 0 −module isomorphism fromĠ 0 onto G 0 . In particular,Ġ 0 is a Lie subalgebra ofL isomorphic to G 0 as well as an
, there are unique x, y ∈ G 0 , and r, s ∈ τ (G, G) such that a = x + r and b = y + s. 
we get that π 0 (a) = π 0 (b) ∈ G 0 and that there are unique r, s ∈ τ (G, G) such that a = π 0 (a) + r and b = π 0 (b) + s. Now as π 0 (a) = π 0 (b) anḋ G 0 ∩ τ (G, G) = {0}, we get that a − b = r − s = 0. Now we are done using the fact thatĠ 0 ⊕ τ (G, G) = G 0 ⊕ τ (G, G). Lemma 1.24. Recall (1.22), we have for λ ∈ Λ thatĠ λ is a Lie subalgebra ofL and the restriction of π toĠ λ is both a Lie algebra isomorphism and a G λ −module isomorphism fromĠ λ to G λ . In particular,Ġ λ is a Lie subalgebra ofL isomorphic to G λ and it is an irreducible G λ −submodule ofL isomorphic to
. Then setting θ := π| P , we get using the same argument as in Lemma 1.23, that θ : P −→ G λ is a Lie algebra isomorphism and also a G λ −module isomorphism. Thus as G λ is equipped with a weight space decomposition
(G λ ) α with respect to H λ , we have the weight space decomposition P = P 0 ⊕ α∈(R λ ) × sdiv P α for P with respect to H λ , where
P α is a weight space decomposition for E λ with respect to H λ . We next note G 0 has a weight space
, one gets that Q is a G 0 −submodule of P isomorphic to G 0 and equipped with the weight space decomposition Q = α∈(R 0 ) G) ) and E 0 = Q ⊕ τ (G, G) is a weight space decomposition of E 0 with respect to H 0 . NowĠ 0 is a nontrivial finite dimensional irreducible G 0 −submodule of E 0 isomorphic to G 0 and so by [Y,Theorem],Ġ λ is a G λ −submodule of E λ isomorphic to G λ . On the other hand we know that θ : E λ −→ G λ is a G λ −module homomorphism. Now as G λ andĠ λ are irreducible G λ −modules and θ(Ġ 0 ) = π(Ġ 0 ) = 0, one gets that the restriction of π toĠ λ is a G λ −module isomorphism fromĠ λ onto G λ which in turn implies thaṫ
Corollary 1.25. For λ, µ ∈ Λ with λ ≺ µ, we haveĠ λ ⊆Ġ µ , in particular ∪ λ∈ΛĠ λ is a subalgebra ofL and also a G−submodule ofL. Also settingĠ to be the direct union of {Ġ λ | λ ∈ Λ}, π |Ġ is both a Lie algebra isomorphism and a G−module isomorphism fromĠ to G. Moreover, we have
Proof. SinceĠ 0 ⊆Ġ λ ∩Ġ µ and G λ ⊆ G µ , we get thatĠ λ ⊆Ġ µ . Now using Lemmas 1.23 and 1.24, we are done.
Recall (1.18) and suppose I is an index set containing zero and fix a basis {a i | i ∈ I} with a 0 = 1 for A, also fix a basis {b j | j ∈ J } for B and a basis {c t | t ∈ T } for C. For i ∈ I, j ∈ J and t ∈ T , set (1.26)
Now suppose M is one of the G−submodules of L in the class {G i , S j , V t | i ∈ I \ {0}, j ∈ J , t ∈ T } and considerM := M ⊕ τ (G, M). ThenM is a G−submodule ofL. We know that the vector space M is the direct union of a class {M λ | λ ∈ Λ} in which each M λ is a finite dimensional irreducible G λ −submodule of L λ equipped with the weight spaced decomposition
. . , r n } which is a finite dimensional G λ −submodule ofL. This means thatM λ is a locally finite G λ −module and so it is completely reducible as G λ is finite dimensional simple Lie algebra.
Next we note that τ (G, M) is a G 0 −submodule of the locally finite
Proof. (i) We first note that since π is a G−module homomorphism, the restriction of π toM is a G−module homomorphism. Now as
We know that M λ has a weight space decomposition M λ = ⊕ α∈Γ λ (M λ ) α with respect to H λ and that M 0 has a weight space decomposition
Also N is a G λ −module equipped with the weight space decomposition N = ⊕ α∈Γ λ N α with respect to H λ , where for α ∈ Γ λ , N α := θ −1 ((M λ ) α ), and that N 0 has a weight space decomposition N 0 = ⊕ α∈Γ 0 (N 0 ) α , with respect to H 0 , where for α ∈ Γ 0 , (N 0 ) α := θ −1 ((M 0 ) α ). ThereforeM λ has a weight space decompositionM λ = ⊕ α∈Γ λ ∪{0} (M λ ) α , with respect to H λ where 
This completes the proof. Lemma 1.37. i∈IĠ i + j∈JṠ j + t∈TV t +Ḋ is a direct sum.
Proof. Suppose that iẋ i ∈ i∈IĠ i , jẏ j ∈ j∈Ṡ j , tż t ∈ t∈TV t ,ḋ ∈ D and iẋ i + jẏ j + tż t +ḋ = 0, then we have Using the same argument as in Lemma 1.37,L ∩ ker(π) = {0} and sõ L =L ⊕ ker(π). Now set
to be the projective maps onL and ker(π) respectively and for x, y ∈L, define
Then we get that (L, [·, ·]) is a Lie algebra and by Lemma 1.24,Ġ λ , λ ∈ Λ, is a subalgebra ofL. Alsoτ :L ×L −→ ker(π) is a 2-cocycle. Moreover consulting Lemma 1.36, we get thatL is a G−submodule ofL which implies that
For each x ∈L, there are uniquel x ∈L, ℓ x ∈ L and e x , f x ∈ ker(π) such that x =l x + e x = ℓ x + f x . Also we note that (1.42) ℓl x = x and fl x = −e x ; x ∈ L ℓ ℓy = y and e ℓy = −f y ; y ∈L, (see (1.35) ). For λ ∈ Λ, seṫ
So considering (1.20), we have
Note that for each λ ∈ Λ,L λ is a Lie subalgebra ofL andL is the direct union of {L λ | λ ∈ Λ}. In the following, we show that for λ ∈ Λ,L λ is a Lie subalgebra ofL and thatL is the direct union of {L λ | λ ∈ Λ}.
This means that the restriction of π toL is a Lie algebra homomorphism. ButL = L ⊕ ker(π) =L ⊕ ker(π) which in turn implies that π restricted tȯ L is an isomorphism fromL onto L. Next suppose λ ∈ Λ and x, y ∈L λ , then
Therefore we get [x, y] ∈L ∩L λ =L λ which shows thatL λ is a subalgebra ofL. Now as the restriction of π toL is a Lie algebra isomorphism fromL to L, we get using (1.43) that for λ ∈ Λ, the restriction of π toL λ is a Lie algebra isomorphism fromL λ to L λ . Now consider (1.19) and setḊ λ :=L λ ∩ π −1 (D λ ). We note that π :L λ −→ L λ is a central extension, so using Lemma 1.15, we have [
, it is immediate that π 1 |L λ is a central extension ofL λ . Also we note that for x ∈Ġ λ and y
Now using the same notation as in the text and regard Lemmas 1.36 and 1.44, we summarize our information as follows: We havė
. Also π 1 :L −→L is a central extension ofL with corresponding 2-cocycleτ satisfyingτ (Ġ,L) = {0}. So without loss of generality, from now on we assume thatL = L ⊕ ker(π) and that L is a G−submodule ofL and that
Proof. We know from (1.19) that (1.47)
Thus it follows from [2, Pro. 5.23] that the summands G λ ⊗ A, S λ ⊗ B, V λ ⊗ C and D λ are orthogonal with respect to τ and that for x, y ∈ G λ , a ∈ A, s ∈ S, b ∈ B, v ∈ V and c ∈ C, we have
This together with the fact that G, S and V are irreducible finite dimensional G−modules, implies that (
. Now contemplating (1.47) and (1.45), we are done. 
Proof. As we have already seen, without loss of generality, we may assume τ (G, L) = {0}. We now note thatL is an R−graded Lie algebra with grading pair (G, H) and weight space decompositionL = ⊕ α∈RLα where
Suppose that {a i | i ∈ I}, {b j | j ∈ J } and {c t | t ∈ T } are bases for A, B and C respectively. We assume 0 ∈ I and a 0 = 1. For λ ∈ Λ and i ∈ I, j ∈ J and t ∈ T , we set
The restriction of π toL λ is a central extension of L λ and setting
Also by Lemma 1.46, we have
We next note that L λ is an R λ −graded Lie algebra with grading pair (G λ ,
We next recall from (1.51) that for λ ∈ Λ,L λ = i∈I G λ i ⊕ j∈J S λ j ⊕ t∈T V λ t ⊕ D λ ⊕ Z λ . Also D λ ⊕ Z λ is a trivial G λ −submodule ofL λ . We next note that τ (G, L) = {0} which implies that L λ is a G λ −submodule of L λ . Now as G λ i is the G λ −submodule of L λ generated by G 0 i , we get that G λ i is also the G λ −submodule ofL λ generated by G 0 i . Similarly for j ∈ J and t ∈ T , S λ j coincides with the G λ −submodule ofL λ generated by S 0 j , and V λ t coincides with the G λ −submodule ofL λ generated by V 0 t . This means that (I, J , T , {G 
